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Abstract. Recently, the visualization of implicitly given algebraic curves and sur-
faces has become an area of active research. Most of the approaches either use raytrac-
ing, subdivision or sweeping techniques to produce a good ap proximate picture of the
varieties, sometimes by using hardware equipment such as gr aphics processing units.

We provide a list of equations of plane curves which may serve as a list of benchmarks
for visualization software. In most cases, we give whole ser ies of examples which yield
equations for in�nitely many degrees. Even for low degrees, there is currently no software
which visualizes all examples correctly in real{time, so we call them challenges.

For most of the equations in our list, we are able to prove that they are at least
close to the most di�cult possible ones. For convenience, ou r list is also available in
the form of a text �le. Moreoever, the paper includes a brief i ntroduction to some
of the terminology from singularity theory for researchers from the computer graphics
community because singularities appear frequently when tr eating complicated cases.

Key words. real algebraic geometry, computational geometry, geometr ic modeling,
plane curves, singularities, visualization, algorithms, benchmarks, challenges

AMS(MOS) subject classi�cations. Primary 14H45, 14B05, 14P05, 14Q05.

Introduction. A real algebraic plane curve of degreed in R2 is the
zero{set of a possibly reducible polynomial of degreed in two variables
with real coe�cients; in this paper, we restrict ourselves t o examples with
rational, exact coe�cients. We provide a list of equations of real plane
curves which may serve as a list of benchmarks for visualization software.
In most cases, we give whole series of examples which yield equations for
in�nitely many degrees. Dispite a lot of recent research activity, there is
currently no software which visualizes all examples correctly in real{time,
even for moderate degrees, so we call them challenges.

Most curves in our list are singular or are at least in some wayrelated
to singularities. After a short discussions of the term correct visualization,
we thus give a brief introduction to singularity theory. Our examples which
are presented in the remaining part of the article can roughly be divided
into the following categories:

1. many or higher solitary points,
2. high tangencies at isolated singularities (e.g.,Ak -singularities),
3. many or complicated isolated singularities,
4. many or complicated non{isolated singularities,
5. small deformations of one of the singular ones mentioned above.

The items above suggest that our examples will be di�cult to v isualize
mainly because of their geometry and not just because of their coe�cient

� Universit•at des Saarlandes, Mathematik und Informatik, G eb•aude E2.4, D-66123
Saarbr•ucken, Germany. E-Mail: Labs@Math.Uni-Sb.de, Website: www.OliverLabs.net

1



2 OLIVER LABS

size. This is indeed true; in particular, all our examples have rational coef-
�cients and the number of digits needed to represent these ismoderate. To
keep the equations as simple as possible, many of our examples are actually
reducible, i.e. they are products of several (often two) equations. Of course,
in many cases, one could write down irreducible equations yielding similar
visualization problems, but these would be a lot more complicated, so we
do not include them here. To perform a fair comparison between several
algorithms based on our examples, one should thus not allow afactoriza-
tion prior to the main algorithm. Likewise, although the lis t does not try
to produce dense polynomials in the sense that most monomials occur, this
can often be realized by a simple coordinate change.

The list presented in this article will be updated on our website [Lab03]
if problems become known which are more challenging than those given
here. We will also provide the output of some of the existing visualization
tools for each of the examples in our list in order to allow comparisons.

The �rst draft of this paper was written at the CMA at the Unive rsity
of Oslo. I thank all people there for their hospitality and th e wonderful
and inspiring atmosphere. In particular, I thank R. Piene for giving me
the opportunity to stay at this great place for a month.

1. On Correct Visualizations of Real Algebraic Plane Curves .
For simplicity, in this paper, we just ask for a correct image of the given
plane curve up to pixel level: A pixel of the visualization area shall be
colored in black if and only if the plane curve contains at least one point
inside this pixel. This has the advantage that plane curves with solitary
points are represented in a topologically correct way (see �gure 1). For
our solutions given in this article, we always choose an areasuch that all
singular points and all points with horizontal or vertical t angents can be
seen in the picture.

(a) (b) (c)

Fig. 1 . (a) shows the plane curve e = y2 + x2(x + 1) (mind the solitary singular
point in the center of the picture). (b) shows a bad visualiza tion of it, (c) shows a
correct visualization.

The notion of correct visualization given above di�ers from another
natural one which asks for a result re
ecting the whole topology of the
plane curve correctly. E.g., if one of the unit squares of thevisualization
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area contains twoovals 1 inside each other then our notion of correct visu-
alization above just shows one black pixel and does not mention the extra
information about the geometry inside the pixel. In that case, the image
shown thus won't be topologically correct.

1.1. An Algorithm which Produces Correct Visualizations.
Before giving the challenges, we sketch a straightforward algorithm which
is guaranteed to produce correct visualizations (up to pixel level) for a given
equation of a plane curveC with rational coe�cients as described above:

� Compute all zeros ofC along the sides of the pixels (there are algo-
rithms which assure correct output, e.g., using Sturm sequences),
and draw a black pixel for all those squares containing a root.

� Compute all real points satisfying C(x; y) = 0 and @C
@y(x; y) = 0

up to a precision which ensures in which square the points lie
(there are algorithms which yield certi�ed results, e.g., Roullier's
approach using Gr•obner basis), and draw a black pixel for all those
squares containing one of these points.

Of course, there are other algorithms which yield certi�ed results and
which may run faster. E.g., the websitehttp://exacus.mpi-inf.mpg.de
provides a web interface to the algorithm implemented in theExacus library
which even yields topologically correct output up to sub{pixel level.

1.2. The Main Visualization Strategies. All known visualization
methods with certi�ed results are rather slow already from a moderate
degree and a moderate number of pixels on. So, the challenge is to �nd an
algorithm which works both correctly and fast.

Many algorithms try to use inexact computations for speed ups. For
such algorithms, it is challenging to increase the number ofcurves which
can be visualized correctly. Our list is an attempt to give developers of
exact algorithms a tool to test the e�ciency and to give developers of
inexact algorithms a tool to test the correctness of their methods.

To understand the main di�culties, it is important to unders tand the
basic visualization strategies which are currently used. Alarge class of
algorithms �rst computes points (or at least an approximati on of their x-
coordinates) with vertical or horizontal tangents (which i nclude the singular
points) and then uses this information in order to ensure thetopology of the
output, e.g. using sweeping techniques. The initial step isoften quite time{
consuming; our list provides examples for which the number of singular
points or points with vertical tangents is high.

Other algorithms proceed by subdividing the screen recursively either
until the topology within a small rectangle can be guaranteed or until some
heuristic criterion tells the algorithm not to search deeper. Such algorithms
usually have di�culties near singular or almost singular si tuations because

1An oval is a smooth connected component of a real plane curve w hich is intersected
by any other plane curve in an even number of points (counting multiplicities).

http://exacus.mpi-inf.mpg.de
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there is still no e�cient criterion known which says that a gi ven rectangle
does or does not contain exactly one singular point. Some heuristics work
�ne at very simple singularities, but most fail at higher sin gularities or
almost singular points. Thus, our list also provides examples with compli-
cated singularities and points which are almost singular insome sense.

2. Some Notions from Singularity Theory. As mentioned earlier,
many of our challenges will be related to singularities. In this section, we
thus provide a short introduction to the necessary notions: A critical
point of a real plane curvef � R2 of degreed is a point p 2 R2 s.t.
@f
@x(p) = @f

@y(p) = 0. If in addition f (p) = 0 then p is called a singular
point or singularity (see also �gure 2). f is calledsmooth if it does not
contain any singular point. p is an isolated singularity of f if there is an
open neighborhoodV � R2 of p which does not contain any other critical
point. p is callednon{isolated if this is not the case; for plane curves, this
simply means that p is contained in a multiple factor of f , i.e. f is of the
form f = gk �h with k � 2 and deg(g) � 1 with p 2 f g = 0 g. A solitary
point is an isolated singularity p s.t. there is an open neighborhoodV � R2

of p which does not contain any other point of the plane curve. Singularities
have been classi�ed in many respects. We only mention a few cases and
refer to [AGZV85, BK86, Dim87] for details.

x3 + y2 x4 + y2 x4 � y2 y9 � 14
10 x2y2 + 14

10 x3

(a) (b) (c) (d)

Fig. 2 . Plane curves with isolated singularities at the origin O = (0 ; 0), (a) is
an A 2 -singularity or cusp, (b) is a higher solitary point, (c) is a n A 3-singularity or
tacnode, (d) is a more complicated singularity, a J13 -singularity to be precise.

The multiplicity mult p(f ) of a singularity p 2 Rn of a plane curvef
is simply the degree of the lowest order term off after translation of p to
the origin. E.g., for the plane curvesx2 � y2, x2 + y2 and xy � y5, the origin
(0; 0) 2 R2 has multiplicity 2, i.e. it is a double point ; for x3 + y3 + x4 � y3,
the origin is a triple point , etc. This de�nition makes sense because a
generic linel (t) through a k-tuple point p intersects the curvef (x; y) with
multiplicity k at p.

However, the multiplicity is only a very rough mean of classi�cation
of the singularities which can occur on plane curves; there are several nat-
ural ways of detailing further. E.g., after translation of a point p to the
origin, the tangent cone tangconep(f ) of f at a point p is the sum of all
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terms of the lowest degree. An isolated singularityp of multiplicity m of a
plane curve is calledordinary if and only if tangconep(f ) factors over the
complex numbers intom di�erent straight lines. E.g., for x2 � y2 � x3 = 0,
the origin is an ordinary double point as well as forx2 + y2 � x3 = 0 (two
complex conjugate lines intersect at the origin), and forxy(x + y) � y4 = 0,
the origin is an ordinary triple point.

But there are many double points apart from the ordinary ones. E.g.,
a singularity of a plane curve is called anAk -singularity (or singularity
of type Ak ) if it can be written after a coordinate change which is locally
a di�eomorphism in the form: xk+1 � y2 = 0. Often, one speci�es the
sequence of signs together with the name of the singularity because many of
the corresponding singularities di�er essentially. E.g.,x2 + y2 = 0 and x2 �
y2 both de�ne A1-singularities in the complex classi�cation, over the reals
the �rst is of type A+

1 (sometimes denoted byA �

1 because it is topologically
a solitary point ), the second is of typeA �

1 . The Ak -singularities are only
the very beginning of a classi�cation of singularities developed by Arnold,
see section 8 and [AGZV85] for more information.

The index k appearing in the nameAk is the so-calledMilnor num-
ber � (f ) of a singularity f of that type. In general, for a hypersurface
singularity f at the origin, it is de�ned as the dimension of the Milnor
algebra :

� (f ) := dim Q Qf x1; : : : ; xn g=h
@f
@x1

; : : : ;
@f
@xn

i ;

where Qf x1; : : : ; xn g denotes the ring of convergent power series andh: : : i
denotes the ideal generated by the given polynomials. This dimension can
be computed easily using local variants of Gr•obner bases, so-called stan-
dard bases [GPS06]. It can also be computed in general purpose computer
algebra systems by computing all points which vanish on all the partial
di�erentials mentioned above: the Milnor number of f at the origin is then
simply the multiplicity of the origin. For an Ak -singularity with equa-
tion f = xk+1 + y2, we �nd @f=@x= ( k + 1) xk , @f=@y= 2 y. Thus a
bases for the Milnor algebra is given by 1; x; : : : ; x k � 1 which shows that
� (f ) = k. There is a nice topological de�nition of the Milnor number, but
we do not have enough place to describe that here. TheTjurina number
� (f ) := dim Q Qf x1; : : : ; xn g=hf; @f

@x1
; : : : ; @f

@xn
i is another important invari-

ant which measures the complexity of a singularity in a way similar to the
Milnor number. In most of our examples, the Tjurina number actually
equals the Milnor number; e.g., in the case of theAk singularities men-
tioned above. However, for more complicated singularitiesthis is usually
not the case.

From a visualization point of view, one of the most basic invariants of a
real isolated singular point of a plane curve is its number ofhalfbranches :
In a neighborhoodV � R2 of such a point p of a plane curveC, the set of
points of C in V nf pg consists of a �nite number of connected components,
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each of which is topologically a segment ifV is small enough (see [BCR98,
prop. 9.5.1]). The plane curves (a){(d) shown in �gure 2 have 2, 0, 4, and
4 halfbranches at the singular point. Halfbranches always occur in pairs
of two which together form the complex branches . Of course, some sin-
gularities have more branches than twice the number of real halfbranches,
e.g., x2 + y2 = 0 has two complex branches which are complex conjugate
to each other, but no real halfbranch.

3. Solitary Points. We already encountered the problem of visualiz-
ing solitary points (see, e.g., �gure 1). Our �rst set of prob lems thus gives
examples of plane curves with such features.

3.1. Many Solitary Points. Visualizing a plane curve with exactly
one singularitiy at the origin correctly is signi�cantly ea sier than the more
general case with many singularities. The reason for this isthat we can use
computer algebra methods to analyze the local structure of the singularity
at the origin. However, once we have many singularities, it is not easy to
perform this analysis e�ciently. This is why we give examples of plane
curves with many singularities | and in this �rst case ordina ry solitary
double points (A �

1 singularities).
The maximum possible number of solitary points on a plane curve of

degreed, denoted by � 2
A

�
1
(d), is the genusg(d) of a smooth plane curve if

d 6= 2 ; 4:

� 2
A

�
1
(d) = g(d) =

1
2

(d � 1)(d � 2); if d 6= 2 ; 4: (3.1)

Because of their relation tosmooth Harnack curves (i.e., curves which
have the maximum possible number of connected components, see section
4) those curves which attain this bound are calledrational Harnack
curves . Shustin already provided a construction of such curves foreach
degreed using his singular version of Viro's patchworking method [Shu98].
But his construction is not easy to perform explicitly, so for our list we
take the rational Harnack curves which were constructed in [KO06] and call
them KOd(x; y). The equations of the curvesKOd(x; y) can be obtained as
follows: De�ne the polynomials

f d(x; y) :=
d� 1Y

k;l =0

�
e

2k�i
d x + e

2 l�i
d y + 1

�
:

One can show that there exists a real polynomialKOd of degreed with:

KOd(xd ; yd) = f d(x; y): (3.2)

For d 6= 2 ; 4, theseKOd(x; y) have exactly � A
�
1
(d) = g(d) solitary points

which is the maximum possible number; in addition, they haveexactly one
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smooth real branch not containing any singular point.
Challenge 1. Visualize the plane curves

KOd(x; y) = 0

for d = 4 ; 5; 6; : : : .
Solution: A correct visualization has to show those of the1

2 (d � 1)(d � 2)
solitary points which lie in the rectangular area R in which we want to vi-
sualize the curve. As always, we chooseR such that all singular points and
all points with vertical or horizontal tangents are contain ed in it. Figure 3
shows four examples. 2

KO 3 KO 4 KO 5 KO 6

Fig. 3 . Some plane curves KO d (see challenge 1). For d = 6 , it is not possible to
distinguish some of the 1

2 (d � 1)(d � 2) solitary points in our visualization.

3.2. Higher Solitary Points. The examples mentioned in the pre-
vious challenge are the most di�cult possible ones in the sense that they
reach the maximum possible number of solitary points. The solitary points
in those examples are ordinary double points (A �

1-singularities), and can
locally be written in the form x2 + y2 = 0. However, solitary points can
become a lot more involved than just ordinary double points which happen
to be solitary. E.g., the zeroset of the polynomials

SPk;l := x2k + y2l ; k; l 2 N; (3.3)

obviously only consists of the origin. To understand the di� culties which
numerical visualization approaches might have with visualizing such soli-
tary points, let us look at an example.

Example 1. For a real polynomial function of degreed in one variable,
the greatest possible multiplicity of a root isd, realized by the examplexd.
In more variables, an analogue to this is the following example: f = xd + yd.
Here, f jx =0 = yd also has a root of multiplicity d (as well asf jy=0 = xd).

However, other plane curve singularities may have much higher orders
of convergence towards zero along some speci�cally chosen curve. To show
this, let us consider the plane curve:

g = ( y � xk )2 + y2k ; k 2 N:
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A di�eomorphic coordinate change ' which maps the origin to itself clearly
does not change the multiplicity structure at the origin. Wetake

' : R2 ! R2; (x; y) 7! (x; y � xk )

which is a di�eomorphism with jacobian matrix

J ' =
�

1 k�xk � 1

0 1

�
:

This yields the new polynomial

(g � ' � 1)(x; y) = y2 + x2k 2

+ r (x; y);

for somer (x; y), and one can show that there exists another di�eomorphism
which transforms away ther (x; y). In total, we �nd that g has the same
multiplicity structure as y2 + x2k 2

. The example of this plane curveg
illustrates a well-known trick which produces plane curveswith high Milnor
number; variants also exist for other types of singularities, see e.g. [Wes05].

Singularities which are related via such a di�eomorphic coordinate
change are calledright{equivalent . In these terms, at the origin the
plane curveg is right{equivalent to y2 + x2k 2

, the origin of g is thus called
A2k 2 � 1 singularity. E.g., for k = 3 , g has degree6 and its singularity at the
origin is right{equivalent to eg = y2 + x2�32

which de�nes an A17-singularity.
So, although the degree ofg is only 6, it behaves at the origin basically as
the polynomial eg = y2 + x18 of degree18.

To understand the numerical issues involved here, we look atthe points
("; 0), which have distance" from the origin, eg takes the valueseg("; 0) =
"18. Figure 4 illustrates this; it shows two visualizations of our original
plane curve g = ( y � xk )2 + y2k for the casek = 3 , (the left two images)
together with its graph in R3 (the right two images). The leftmost image

Fig. 4 . From left to right: A good and a bad visualization (consideri ng a small
function value as zero) of the plane curve g(x; y ) = ( y � xk )2 + y2k ; k = 2 , and the
graph of this function seen from two di�erent directions.

shows a point which is correct (the only solution tog = 0 is the origin).
However, a bad numerical algorithm might produce a picture similar to
the second one becauseg(x; y) is very close to zero (in the second picture,
jg(x; y)j < 10� 3) inside the black s-shaped area. The graph of the func-
tion g(x; y) illustrates this: seen from one direction it looks basically like
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a parabola, but seen from some other direction we see that thefunction is
a lot 
atter | from our algebraic computations above, we know that it is
basically of the form x 7! x17 along the s-shaped area.

To formalize the observations from the previous example, weintroduce
the following notion which measures the order at which the graph of a
function f (x; y) tends to zero around a solitary point:

Definition 3.1. Let f (x; y) be a real plane curve with a solitary point
at p 2 R2. We denote byCp(" ) the circle around p with radius " . Let

mp;f (" ) := min fj f (a; b)j s.t. (a; b) 2 Cp(" )g:

Then for " ! 0, mp;f (" ) = O(" z ) for some z 2 Q. We call zerotangf (p) :=
z the zero{tangency of f at p.

Example 2. We compute the zero{tangency for some simple plane
curve singularities and also for the singularity already considered in the
previous example. The latter one shows that the zero{tangency can be
quadratic in the degree. This is the property which makes it particularly
di�cult for numerical algorithms to distinguish such solit ary points from
small connected components of plane curves:

1. f = x2 + y2, p = (0 ; 0). Obviously, zerotangf (p) = 2 .
2. f = x2 + y2k , k � 1 p = (0 ; 0). Then, zerotangf (p) = 2 k.
3. f = x2k + y2k , k � 1, p = (0 ; 0). Then, zerotangf (p) = 2 k.
4. f = ( y � x2k )2 + y4k , k � 1 p = (0 ; 0). Then, zerotangf (p) = 2 k2

becausef is an A �

2k 2 � 1 singularity as we have seen in example 1.
The most interesting curve in this example is the one which already

occurred in example 1; we take a closer look at the singularities occurring
there: It might be astonishing that for almost all degreesd, the maximum
number k(d) such that there exists a singularity of type A �

k(d) on a plane
curve of degreed is not known, even over the �eld of complex numbers.
Currently, the best known upper and lower bounds are (see [GZN00], the
asymptotic upper bound already follows from Varchenko's spectral bound
[Var83], the upper bound in the cited paper is only slightly better):

15
28

d2 / k(d) /
3
4

d2:

The authors of the cited paper give examples in degreesd = 28 � s + 9
for s = 0 ; 1; 2; : : : . This is not convenient for our list for which we need
examples in low degree. So, we follow the idea presented in the example
above:

Challenge 2. Visualize the plane curves

SPk;l := x2k + y2l ;

for k = 1 ; 2; 3; : : : and l = 1 ; 2; 3; : : : , and

f 2
k;l; + (x; y) := ( y � xk ) l + yk � l (3.4)
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for k = 2 ; 4; : : : and l = 2 ; 4; 6; : : : .
Solution: These examples only contain a single solitary point. There is
thus no need for a �gure. However, their zero{tangencies di�er quite a bit:
zerotangSPk;l ((0; 0)) = deg(SPk;l ), but zerotangf 2

k;l; +
((0; 0)) = l �k2 which is

quadratic in the degree for a �xed value of l . 2

4. Smooth Curves with Many Components. In many respects,
the solitary points from the previous section are similar tosmall connected
components of real plane curves. Harnack already showed in the 19th cen-
tury [Har76] that a smooth plane curve cannot have more thang(d) + 1
connected components whereg(d) = 1

2 (d � 1)(d � 2) is the genus of a (and
thus any) smooth algebraic plane curve of degreed. Moreover, he was also
able to prove that this number can actually be achieved whichshowed that
the maximum possible numberb2

0(d) of connected components on a smooth
plane curve of degreed satis�es:

b2
0(d) = g(d) + 1 : (4.1)

So, from this point of view the most di�cult visualization ch allenge will be
smooth curves of degreed having exactly g(d) + 1 connected components.

4.1. Harnack Curves. However, when considering the known algo-
rithms for visualizing algebraic plane curves within a given rectangular
area, we have to be a bit more speci�c. E.g., a simple algorithm chooses
a certain number of horizontal and vertical lines (�gure 5), computes the
points of the curve on these lines, and draws these. If one of the connected
components is entirely contained in one of the small rectangles formed by
the sets of lines as in the �gure, then this na•�ve method will not draw
this component at all. As already mentioned, there are ways to solve this
problem, but these are usually quite time{consuming.

Fig. 5 . One way to try to visualize algebraic plane curves is to compu te all zeros
along some grid. This may miss some important features of the curve, as in the picture.

The �rst trivial examples of plane curves which produce the problems
indicated above arex2 + y2 � " = 0 or y2 + x2(x +1) � " = 0 for some small
" . In higher degrees the most complicated examples are those which have
the maximum possible numberb2

0(d) of small ovals.
Such examples can be provided in the following explicit constructive

way: Let KOd(x; y) be the rational Harnack curve of degreed given in (3.2)
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which have exactly g(d) solitary points which is the maximum possible
number. In addition, they have exactly one component which is not an
oval, i.e. it is a pseudo{line. Brusotti's theorem (see, e.g., [BR90]) tells us
that we can deform each of theseg(d) solitary points into small ovals. An
explicit way of doing this is the following (see [Cos92] for amore general
case):

gKOd;" (x; y) := KOd(x; y) + "x �
@KOd(x; y)

@x
+ "y �

@KOd(x; y)
@y

(4.2)

for some small" > 0.
Challenge 3. Visualize the plane curves

gKOd;" (x; y)

for " = 10 � i for i = 1 ; 2; 3; : : : and d = 2 ; 3; : : : .
Solution: The visualization has to show all theg(d) = 1

2 (d� 1)(d� 2) ovals
if the rectangular area in which we want to see the curve is large enough.
If " is too big then some of the ovals might join. We give a few explicit
cases in �gure 6. 2

gKO 4;0:1 gKO 5;0:1 gKO 4;0:01 gKO 5;0:01

Fig. 6 . Some curves gKO d;" (x; y ) for d = 4 ; 5 for " = 0 :1; 0:01 (see challenge 3).

4.2. Nested Ovals. Some of the ovals might benested , i.e. one oval
is contained in one or more others. It is still an open question which
topological con�gurations of ovals are actually possible for a real algebraic
plane curve. Hilbert already knew that there have to be some restrictions,
and he posed the question on these con�gurations as his 16th problem.

As mentioned in the introduction, most of the time, we restrict our-
selves to the easier task of just �nding one point within eachunit square
in the rectangular area of interest. But as some algorithms try to produce
topologically exact results, we give some simple examples of curves with
nested ovals:

Challenge 4. Visualize the plane curves

Nest2d;";k := ( x + y) � " k+ bd=2c +
bd=2cY

j =1

(x2 + y2 � " j ) (4.3)
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for d = 2 ; 3; : : : , k = 0 ; 1; 2; 3; : : : and some small" > 0, e.g. " = 10 � i for
i = 1 ; 2; 3; : : : .
Solution: For " > 0 small enough ork � 0 big enough, the curve consists
of exactly bd=2c nested ovals which is the maximum possible number ac-
cording to B�ezout's theorem. In �gure 7, we show both cases. 2

Nest26;0:1;1 Nest26;0:1;2 Nest28;0:1;4 Nest28;0:1;6

Fig. 7 . Some curves Nest2d;";k (see challenge 4).

4.3. Small Non{Real Ovals. To numerical visualization tools, a
curve which is locally of the form

SPk;l;" := x2k + y2l + "; k; l 2 N; " > 0; (4.4)

poses serious problems if" > 0 is small enough. A software which performs
exact computations will detect that these polynomials do not have any real
root. But a numerical software might draw one or more pixels because the
function (x; y) 7! x2k + y2l is very close to zero even far from the origin, in
particular for large values of k; l . Similarly, we can take the plane curves
f 2

k;l; + (x; y) = ( y � xk ) l + yk � l of challenge 2 having higher solitary points
and deform them slightly.

Challenge 5. Visualize the plane curves

SPk;l;" = x2k + y2l + "

for k; l 2 N, and

f 2
k;l; + ;" (x; y) := ( y � xk ) l + yk � l + " (4.5)

for k = 1 ; 2; 3, l = 2 ; 4; 6; : : : for some small " > 0, e.g. " = 10 � i for
i = 1 ; 2; 3; : : : .
Solution: All plane curves have no real point, so we do not show a �gure.2

If we want to produce curves which have such a local feature atmany
points, we can use the curvesKOd(x; y) with many solitary points and take
small deformations of them. As some of the solitary points ofKOd(x; y)
are local maxima of the graphf z � KOd(x; y) = 0 g � R3 and some others
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are local minima, we always get some small ovals if we add or subtract a
small constant " from these equations, and also some non-real \ovals".

Challenge 6. Visualize the plane curves

KO �
d;" (x; y) := KOd(x; y) � " (4.6)

and

KO+
d;" (x; y) := KOd(x; y) + " (4.7)

for d = 3 ; 4; : : : and for some small" > 0, e.g. " = 10 � i for i = 1 ; 2; 3; : : : .
Solution: The curves KOd have one connected component which is not an
oval, i.e. a pseudo{line. In a neighborhood of this component, the func-
tion KOd(x; y) takes positive values on one side and negative values on the
other. This causes all those solitary points ofKOd to disappear which are
on one of the sides of the pseudo{line, depending on the sign in front of the
" of KO �

d;" (x; y). The others become small ovals if" is small enough. 2

KO +
4;0:1 KO �

4;0:1 KO +
5;0:1 KO �

5;0:1

Fig. 8 . Some curves which are small deformations of the rational Har nack curves
with the maximum possible number of solitary points. Some of the solitary points are
deformed into small ovals (appearing as dots in the pictures ), some have disappeared
into the complex domain (see challenge 6).

5. High Tangencies at Isolated Singularities. In this section, we
restrict ourselves to singularities with up to two complex branches and thus
up to four real halfbranches. Later, we will mention some curves which have
more complicated singularities. To produce equations yielding curves of low
degrees with few halfbranches and high tangencies, we use again the trick
mentioned in section 3.2 which yieldsA �

k -singularities for a high Milnor
number k. As mentioned before, the maximum possible numberk(d) such
that there exists a singularity of type Ak(d) on a plane curve of degreed is
not known in most cases and we use the plane curvesf 2

k;l (x; y) which yield
high Milnor numbers.

Challenge 7. Visualize the plane curves

f 2
k;l; � (x; y) = ( y � xk ) l � yk � l (5.1)

for k = 2 ; 3; : : : and l = 2 .
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Solution: The examples have two pairs of real halfbranches which are hard
to distinguish close to the singular point, see �gure 9. For subdivision vi-
sualization algorithms which are based on rectangular grids, these curves
are very hard to visualize correctly in an e�cient way. 2

f 2
2;2; � f 2

3;2; � f 2
4;2; � f 2

5;2; �

Fig. 9 . The plane curves f 2
k;l; � (x; y ) for l = 2 and k = 2 ; 3; 4; 5 which have degree

4; 6; 8; 10 and singularities of type A 7 , A 17 , A 31 , A 49 (see challenge 7).

To make the problem coming from the halfbranches which are close
to each other more precise, we introduce the notion oftangency of an
isolated singularity p of a real plane curvef as follows2:

Definition 5.1. Let ci ; i = 1 ; 2; : : : ; N be the real halfbranches of a
real plane curvef at a singular point p. Then the tangency tangf (p) of f
at p is the maximum of the tangencies of the

� N
2

�
pairs of halfbranchesci

where the tangency tang(ci ; cj ) between two such componentsci ; cj ; i 6= j ,
is de�ned as follows.

If the ci and cj have di�erent tangent directions at p then tang(ci ; cj ) =
1. If ci and cj have the same tangent directiont at p, but ci is on one side
of the perpendicular tot through p and cj on the other then tang(ci ; cj ) = 0 .

p

c1(" )

c2(" )
c2

c1
"

jc1(" ) � c2(" )j = O(" tang ( c1 ;c 2 ) )

Fig. 10 . The de�nition of tangency of two halfbranches c1 , c2 of a plane curve at
an isolated singularity p.

In the remaining case (see �gure 10) letci (" ) := ci \ C(0 ;0) (" ) be the
point of ci at distance " from p (we choose" > 0 small enough, s.t. this
intersection is unique). Then for " ! 0, jci (" ) � cj (" )j = O(" tang (ci ;c j ) ) for
some rational number tang(ci ; cj ) 2 Q. We call tang(ci ; cj ) the tangency

2Similar notions have already appeared in the literature, e. g. in Arnold's overview
paper from 1968 on singularities of smooth mappings, c.f. [A rn81, p. 3{45].
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of ci and cj . The tangency of the singularity p is the maximum
tangency of all pairs of real halfbranches. We denote thetangency of a
real plane curve f at p by tangp(f ).

As a di�eomorphism is locally a linear isomorphism, two singularities
which are right{equivalent have the same tangency. The tangencies of
normal forms of singular points are particularly easy to compute:

Example 3.
1. The tangencies of the two halfbranchesc1; c2 of the normal forms

xk+1 + y2 of an A �
k -singularity, k even, are tang(c1; c2) = k+1

2 (=
d
2 ): Thus, the tangency of anAk -singularity, k even, is:

tang(A �
k ) =

k + 1
2

:

2. The tangencies of the plane curvesf 2
k; 2;� (x; y) of degreed = 2 k

from the challenge above are (asA2k 2 � 1-singularities):

tang(0 ;0) (f
2
k; 2;� ) =

2k2

2
=

2d2

8
:

3. The normal forms xk+1 + y2 of an A �

k -singularity, k odd, are plane
curves which only consist of a solitary double point. They have no
real halfbranch, so their tangency is zero:

tang(A
�

k ) = 0 :

4. The tangencies of the normal forms of the so-called singularities
of type E �

6k+1 with equation y � (yk � 2 � x2) are: k � 2 (= d � 1)
(for E �

6k+1 ) and 1 (for E +
6k+1 ).

6. High Tangencies at Non{Isolated Singularities. In the case
of plane curves, a non{isolated singularity is basically just a point which is
contained in some multiple component of the curve. So, for plane curves
non{isolated singularities are in principal not a big visualization issue be-
cause it is not di�cult to compute the squarefree part of a pol ynomial, at
least if the input data is exact.

However, if we allow small deformations of plane curves withmulti-
ple components (e.g., because we work with limited precision) then these
components will no longer be multiple, but only approximately multiple.
Good visualizations of such plane curves are not easy; in fact, it is not even
clear what a good visualization of such a curve should be. Should it be
an exact visualization of the deformed curve or should it be avisualization
of the original one? If one is interested in the latter one, then one has to
answer the quite non-obvious question what the original curve was when
starting from a deformed one. In the case of non{isolated singularities,
this is related to the question of computing approximate greatest common
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divisors which is a hard problem. Approximate isolated singularities are
probably an even harder object of study.

The same di�culty comes up when working with only a small numb er
of digits which has become quite common recently because of the inven-
tion of graphics cards with many processors. Rounding the coe�cients
of a plane curve with multiple components yields a curve which only has
approximately multiple components.

These are some reasons to include examples of plane curves with non-
isolated singularities. Such singularities can basicallybe divided into two
classes: points on the one{dimensional component which have the same
type of singularity as all points on the component in some small neighbor-
hood, and the other points. The former are simply multiple components,
the latter are multiple components which contain in addition a higher sin-
gular point on them.

A natural way to measure the type of singularity of the �rst ki nd
of points (and thus all but �nitely many points) is to take the type of the
isolated singularity of a generic line section through the non{isolated singu-
larity; this type is called transversal type of the non{isolated singularity.
This yields a polynomial in a single variable; the highest possible multi-
plicity is achieved by xd where d is the degree of the plane curve. Thus,
the non{isolated singularity with the most complicated tra nsversal type of
singularity on a plane curve of degreed is given by f (x; y) = xd.

To obtain examples of the more complicated type of non{isolated sin-
gularities, we combine the multiple line xd with other multiple components
or isolated singularities, some of which have the same tangent direction as
the multiple component. To get an idea about the di�culty of t he chal-
lenge, take a look at the graphs shown in �gure 11.

x4 x4 �y2 x5 x5 �y3

Fig. 11 . Some graphs of plane curves with non{isolated singularitie s.

Challenge 8. Visualize the plane curves

nim := xm ;

nim;k := xm � yk ;

nixm;n;k;l := xm � (f 2
k;l; � (x; y))n ;

niym;n;k;l := ym � (f 2
k;l; � (x; y))n ;
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for k; l; m; n = 2 ; 3; 4; : : : .
Solution: A correct visualization of the plane curvesnim consists of a single
vertical line; nim;k are two lines which intersect in a right angle (see �gure
12). nixm;n;k;l and niym;n;k;l are the unions of a vertical, resp. horizontal,
straight line, and the plane curve f 2

k;l; � (x; y) (see challenge 7). This causes
trouble to software which does not compute the squarefree part �rst or
which only deals with few digits such that the multiple component does
only appear as an approximately multiple component. 2

ni 4;2 ni5;3 nix5;2;3;2 niy5;2;3;2

Fig. 12 . Visualizations of some non{isolated singularities: the co mponents of the
plane curve shown in the images have higher multiplicities ( see challenge 8).

7. Many Isolated Singularities. Plane curves with many singulari-
ties are plane curves with small genus, e.g. rational curveswhich are curves
with genus zero. Similar to section 3.1 the di�culty in visua lizing a plane
curve with many singularities correctly is caused by the fact that it is not
trivial to work with the coordinates of the singular points, in particular if
they live in some higher extension ofQ.

In this section, we explain brie
y a general and classically known
method for globalizing the local structure of a singularity. Certainly, Shus-
tin's singular version of Viro's patchworking method provides a very pow-
erful method (at least in the case of plane curves) for doing this; however, it
is not so easy to write down a list of explicit equations via this method. So,
we use the classical strategy mentioned previously. Let us start by consid-
ering the A2-singularity given by f = x3 � y2. Essentially, near the origin
O, the curve f is the di�erence of the smooth curve g: x = 0 (tripled!)
and another smooth curveh : y = 0 (doubled!) with the property that g
and h have di�erent tangent directions near the origin (i.e. g and h are
transversal near O). As the type of a singularity only depends on the
local behaviour of the curve, we can replaceg and h by any other two plane
curves which are smooth atO and which meet transversally at O.

In this way, we can easily produce plane curves with many realsingu-
larities which are locally of the type xk � yl :

Challenge 9. Visualize the plane curves

Ck;l := ( dfoldbl=k c)k � (x2 + y2 � 1)l
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for 2 = k � l . Here,

dfoldd(x; y) :=
dY

j =1

�
x � sin

2�j
d

+ y � cos
2�j
d

�

are the d straight lines through the origin discussed in section 8.1.
Solution: The bl=kc � 2 singularities Ck;l at the intersections of the circle
x2 + y2 � 1 with the d straight lines are of the type xk � yl . For �xed k, the
number of these singularities grows linearly in the degreed = 2 l , and also
the Milnor number of the singularity grows linearly in d. It is not di�cult
to show that this is asymptotically optimal, see �gure 13. 2

C2;5 C2;8

Fig. 13 . Some plane curves with many real singularities which all hav e higher
tangencies (see challenge 9).

There are many variants of the construction above. E.g., we can use
the plane curvesf 2

k;l; � mentioned in challenge 7:
Challenge 10. Visualize the plane curves

F 2
k;l;m; � := ( y � ((x � 1) � (x � 2) � � � (x � m))bk=m c) l � yk � l

for l = 2 , k = 2 ; 3; : : : , 2 � m � k.
Solution: From the discussion above and challenge 7, it is clear that the
plane curvesF 2

k; 2;m; � have m singularities of type A j for j = bk=mc �k � l �
1 = 2kbk=mc � 1 (see �gure 14). For a �xed number m of singularities, the
Milnor number j grows quadratically in the degreed = k

2 . Conversely, for
�xed j , the number m of singularities grows quadratically in the degree. It
is not di�cult to show that this is asymptotically optimal. 2

The coordinates of the singularities of the plane curves from the pre-
vious challenge are rational. As already mentioned, for some visualization
algorithms, it is much harder to work with examples whose singularities
have non-rational coordinates. To get such plane curves, weadapt the pre-
vious examples by replacing the product (x � 1) � � � (x � m) by a function
f (x) which has only real roots none of which is rational for degf even
and one of which is rational for degf odd. To give a concrete example,
consider the so{called Tchebychev polynomialTm (x) 2 R[x] of degreem
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d = 4, 2 A3 d = 8, 3 A7 d = 8, 4 A7 d = 12, 6 A11

Fig. 14 . Some plane curves with many real singularities (see challen ge 10):
F 2

2;2;2; � , F 2
4;2;3; � , F 2

4;2;4; � , F 2
6;2;6; � . The �gure also shows their degree and number

and type of singularities on them.

with critical values � 1 and +1. This can either be de�ned recursively by
T0(x) := 1, T1(x) := x, Tm (x) := 2 �x�Tm � 1(x) � Tm � 2(x) for m � 2,
or implicitly by Tm (cos(x)) = cos( mx). Most polynomials Tm (x) have no
rational root apart from 0.

Challenge 11. Visualize the plane curves

FT 2
k;l;m; � := ( y � Tm (x))bk=m c) l � yk � l

for l = 2 , k = 2 ; 3; : : : , 2 � m � k.
Solution: Essentially, these curves look similar to those in the previous
challenge, so we do not show any pictures here. 2

When also replacing the variabley in the previous challenge by the
Tchebychev polynomial Tm (y), we obtain curves whose number of higher
singularities is at leastm2 while their coordinates are non{rational in most
cases. In addition to the constructed higher singularities, some other sin-
gularities such as real nodes or solitary points may appear:

Challenge 12. Visualize the plane curves

FTT 2
k;m; � := ( Tm (y) � Tm (x)k )2 � Tm (y)2k ;

for k = 2 ; 3; : : : , m = 2 ; 3; : : : .
Solution: We only give four examples in �gure 15: k = 2 ; 3, m = 4 ; 5. 2

FTT 2
2;4; � FTT 2

2;5; � FTT 2
3;4; � FTT 2

3;5; �

Fig. 15 . Some plane curves with many real higher singularities most o f which have
non{rational coordinates (see challenge 12).
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To obtain similar equations with only solitary points as real singular-
ities at non{rational coordinates, one may use

FTT 2
k;m; + := ( Tm (y) � Tm (x)k )2 + Tm (y)2k : (7.1)

We do not include a visualization of these curves because they only consist
of higher solitary points whose coordinates are the roots ofthe Tm .

8. Complicated Isolated Singularities. What is a complicated
singularity? This is not a common notion in singularity theory. Most
singularities which occurred in this article up to now did not have more
than four halfbranches at the singular points. For us, a complicated singu-
larity should thus have more than 4 halfbranches. This criterion alone also
applies to ordinary singularities (see the following section) which do not
look very complicated. We thus also give examples of isolated singularities
which are not ordinary and which have more than four halfbranches. Al-
gebraically, it turns out that there are two other natural me asures for the
complexity of a singularity, namely the corank and the modality. We will
dicsuss these notions further down.

8.1. Ordinary Singularities. We already mentioned ordinary plane
curve singularites in the introduction: An ordinary m-fold point is locally
the intersection of exactly m di�erent straight lines, in particular all com-
plex branches have pairwise di�erent tangent directions at the singular
point. Ordinary singularities are very special. From the point of view of
the tangency these are the easiest singularities because their tangency is
by de�nition just 1.

Nevertheless, ordinary singularities are quite interesting. E.g., there is
a number which is strongly related to these points, the so{called delta in-
variant . We do not give a formal de�nition of this notion, but intuiti vely,
a singularity with delta invariant � concentrates� ordinary double points.
It is related to the Milnor number and the number r of complex branches
through the singular point via the formula:

� = 2 � � r + 1 : (8.1)

E.g., let us consider an ordinary 3-fold point (see �gure 16(a)). When
moving one of the three lines slightly (�gure 16(b)), we see that we �nd
three ordinary double points in a small neighborhood of the original singu-
larity. Similarly, if we take an ordinary m-fold point, we get

� m
2

�
ordinary

double points when moving m � 2 of the lines slightly in a generic way.
A deformation of a singular point p which produces several singularities
whose delta invariants sum up to the delta invariant of p is called adelta
constant (or � -constant) deformation . According to equation (8.1),
an ordinary m-fold point thus has Milnor number 2 �

� m
2

�
� m+1 = ( m� 1)2:

The Milnor numbers of ordinary double, triple, quadruple points are 1; 4; 9.
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An A2k -singularity of a plane curve has only one branch and Milnor num-
ber 2k; a � -constant deformation into a curve with only ordinary doubl e
points thus has 2k=2 = k such singularities (see �gure 16). The� invariant
is a very important number because the genus of an irreducible plane curve
f of degreed is

g(f ) =
(d � 1)(d � 2)

2
�

X

s singularity of f

� (s); (8.2)

where � (s) denotes the � -invariant of the singularity s. Together with the
fact g(f ) � 0, this formula yields in particular an upper bound on the
maximum possible number� (s; d) of singularities of any �xed type s on a
plane curve of degreed, namely: � (s; d) � (d� 1)( d� 2)

2� (s) . This number � (s; d)
is only known in very few cases.

(a) (b) (c) (d)

Fig. 16 . (a) an ordinary triple point, (b) a � -constant deformation of an ordinary
triple point, (c) an A 8-singularity, (d) a � -constant deformation of an A 8-singularity
(with � -invariant 4).

Challenge 13. Visualize the plane curves

dfoldd(x; y) =
dY

k=1

�
x � sin

2�k
d

+ y � cos
2�k

d

�

and

dfold

d(x; y) = dfoldd(x; y) � (x2 + y2)bd=2c+1

for d = 2 ; 3; 4; 5; 6; : : : .
Solution: The curvesdfoldd are just d-gon symmetric sets ofd straight lines
through the origin. There is thus no need for a �gure. Notice that these
polynomials actually do have rational coe�cients; but it is more convenient
to write them down with sin and cos. These curves are obviously those with
the maximum possible number of halfbranches at a singularity of a plane
curve of degreed.

The curves dfold

d have the same singularities, but are not factoriz-

able into d straight lines and look like 
owers similar to the curves shown
in �gure 17 (but all branches have di�erent tangent directio ns). 2
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8.2. Some Isolated Singularities with many Halfbranches. The
curvesdfoldd with one ordinary d-fold singularity are those with the points
with the highest number of halfbranches possible for a �xed degree. How-
ever, their tangency is quite low, namely 1. We now provide examples with
arbitrarily high tangency and also an arbitrary number of halfbranches:

Challenge 14. Visualize the plane curves

dfoldk;l (x; y) := ( dfoldk (x; y))2 � (x2 + y2)k+ l :

for k = 2 ; 3; 4; 5; 6; : : : and l = 1 ; 2; 3; : : : .
Solution: These curves look like 
owers, see �gure 17. 2

dfold4;1 dfold4;2 dfold4;3 dfold4;4

Fig. 17 . The plane curves dfold k;l for k = 4 , l = 1 ; 2; 3; 4 (see challenge 14) of
degree 10; 12; 22; 24, respectively.

It is not di�cult to adapt the construction above to obtain si milar
plane curves with more than two halfbranches having the sametangent
direction at the singular point. When using the trick from ch allenge 7
this produces plane curves with nice singularities. To givean example, we
consider the plane curve


4 k := ((( y � xk )2 � y2k ) � ((y � xk )2 � 2y2k ))

�((( x � yk )2 � x2k ) � ((x � yk )2 � 2x2k )) � (xy)4k+1 ; k � 2:


4 k has exactly two tangent directions at the singular point and 8 half-
branches for each of them (�gure 18).

Fig. 18 . The plane curve 
4 2 of degree 18 at two di�erent zoom levels.
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8.3. Complicated Singularities. As mentioned in the introduction
to section 8, the term complicated singularity is not a commonly used one.
We basically mean singularities which have not too small invariants such
as the number of branches, the corank, and the modality (see below for
the de�nitions of these notions). The complicated singularities presented
in this section are neither Ak -singularities nor ordinary singularities.

The corank of an algebraic plane curvef at a point p is de�ned
as the corank of the Hessian matrix, i.e. the matrix of the second partial
derivatives of f at p. The corank of a plane curve singularity is thus at most
2. Basically, the corank is the number of variables needed tode�ne the type
of the singularity up to right equivalence. More precisely, the generalized
Morse Lemma tells us that for any hypersurface given by a polynomial
h(x1; : : : ; xn ) with an isolated singularity at p there is a di�eomorphism
which brings h into the form:

g(x1; : : : ; xc) � x2
c+1 � � � � � x2

n ;

where c = corank( h). From this it is clear that the corank is some rough
measure for the complexity of the singularity. E.g., the ordinary double
points x2 � y2 are the only plane curve singularities with corank 0, i.e. with
a Hessian matrix of full rank.

Another measure for the complexity of a singularity is the so-called
modality. We will not give a precise de�nition of this here, b ut we will
just illustrate it using an example: Three lines in the plane through the
origin can always be transformed into a speci�c set of three lines, e.g.x, y,
x � y, by a local di�eomorphism. However, four lines cannot; indeed, the
cross{ratio of the four slopes is an invariant. Thus, the class of ordinary
singularities of multiplicity four (i.e. locally the inter section of four lines)
depends on one parameter. And this is the number of moduli, called the
modality which is 1 in the example. Singularities with modality zero
are calledsimple singularities . These are the singularities of typesA �

k
(xk+1 � y2 = 0, k � 1), D �

k (x2y � yk � 1 = 0, k � 4), E �
6 (x3 � y4 = 0), E �

7
(x3 � xy3 = 0), E �

8 (x3 � y5 = 0). These singularities have many beautiful
relations with other areas of mathematics. Here, we only mention Lie
groups who gave their name to the corresponding singularities (see, e.g.,
[Dur79]) and regular polyhedra.

For our list of challenges we only give those singularities which have
one modulus, calledunimodal singularities , and which are part of a
series of equations for in�nitely many degrees. For explicit equations of
even more complicated singularities (e.g., with modulus 2 or corank 3),
see [AGZV85, volume I, chapter 17]. The cited chapter also contains a
list of some exceptional singularities of small degree which do not fall into
any of the series. Moreover, the book presents Arnold's classi�cation algo-
rithm which determines the singularity type of a given explicit equation.
Notice that we did not try to �nd equations of the lowest possi ble degree
for the singularities mentioned in the following challengealthough there
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are certainly realizations of these singularities in lowerdegrees similar to
the curves f 2

k; 2;+ of degree 2k given in challenge 2 which de�ne A2k 2 � 1-
singularities with a normal form of degree 2k2.

Challenge 15. Visualize the plane curves
name normal form restrictions

J �
10+ k x3 � x2y2 + ay6+ k a 6= 0 , k > 0

X ��
9+ k � x4 + x2y2 � ay4+ k a 6= 0 , k > 0

Y ��
r;s � x2y2 � xr + ays a 6= 0 , r; s > 4

eY ��
r � (x2 � y2)2 + axr a 6= 0 , r > 4

for generic real values of the parametera, e.g. a = 5 =7; 9=7; 13=7.
Solution: We cannot give visualizations of all possible cases here. For a
few images see �gures �gure 19 and �gure 20. Please consult our website
[Lab03] for more pictures. Note that the number of halfbranches changes
with the choice of the signs. E.g., eY ++

4+2 m and X ++
9+2 m , m 2 N, de�ne soli-

tary points although the number of complex branches is 4 in both cases. 2

X �
9+3 X �

9+4 J �
10+3 J �

10+4

Fig. 19 . Some of the complicated singularities mentioned in challen ge 15 for a = 5 =7.

Y � +
7;5 Y � +

6;8
eY ��

5
eY ��

6

Fig. 20 . Some of the complicated singularities mentioned in challen ge 15 for a = 5 =7.

9. Other Interesting Examples. In this section we mention some
examples which do not �t well into any of the other sections, but which are
interesting from several points of view. We start with discriminants and
then give some equations of plane curves on which several of the visualiza-
tion issues discussed in previous sections occur at the sametime.
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9.1. Discriminants. The �rst examples we consider here are discrim-
inants of polynomials in one variable which are of the form

f a;b(x) = xk + axl + b; k > l > 0:

The discriminant D of f a;b is the polynomial which describes those pa-
rameters (a; b) for which f a;b has a double root, i.e.D is the resultant with
respect to x of f and its derivative f 0(x). For k = 4, l = 2, this is obvi-
ously b�(4b� a2) which has anA2-singularity at ( a; b) = (0 ; 0). Most of the
singularities occurring in this way have already appeared before, so that
we do not make up a challenge for these.

Instead, we will have a look at a discriminant of two polynomials in
two variables: Recently, while searching for trinomial systems with many
real roots, the authors of [DRRS07] studied the discriminant of the system

x6 + ay3 � y; y6 + bx3 � x:

It turns out that this is the simplest known trinomial system to possess
(a; b), e.g. P = (44 =31; 44=31), making a trinomial system have 5 roots in
the positive quadrant (see [DRRS07] for proofs and for the equation of the
discriminant). The nice thing about this example is the fact that a correct
visualization of the plane curveD helped the authors to �nd the point P.

Challenge 16. Visualize the discriminant D 2 Q[a; b] of the system

x6 + ay3 � y; y6 + bx3 � x:

Solution: See [DRRS07] for many details on the curve. 2

9.2. Plane Curves with Several Di�culties. We now give some
equations of plane curves which admit several of the challenges covered
in the other sections at the same time. Our �rst examples havea high
solitary point with a high zero{tangency and also singular points with high
tangencies:

Challenge 17. Visualize the plane curves

SAk;l : (y � 1 � xk ) l �(y � xk ) l + ( y � 1)kl +1 ykl

for k; l = 2 ; 4; 6; : : : .
Solution: These curves have a solitary point in (0; 1) and some other sin-
gularities with high tangencies. 2

Now, we give some examples which have real singular points with high
tangencies as well as several critical points with small critical values and
singular points with imaginary coordinates:

Challenge 18. Visualize the plane curves

SAk;l; � " : (y � 1 � xk � " ) l �(y � xk + ") l + ( y � 1)kl +1 ykl
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SA2;2 SA4;2 SA2;4

Fig. 21 . Some plane curves SAk;l with one higher solitary point and other singu-
larities (see challenge 17).

for k; l = 2 ; 4; 6; : : : and " = 10 � m for m = 1 ; 2; 3; : : : .
Solution: These curves have one singularity with high tangency at the ori-
gin. In addition, they have many critical points and many singularities,
several of which have imaginary coordinates. 2

SA2;4;0:001 SA4;2;0:001 SA2;4; � 0:001 SA4;2; � 0:001

Fig. 22 . Some plane curves SAk;l;" (see challenge 18).

To �nish, here are some examples of plane curves which have a solitary
point with a high tangency at the origin which is very close to a one-
dimensional component of the curve. These will be very di�cult to visualize
for a numerical visualization software which treats small values as zero
because for the examples given below the result will be incorrect, even
topologically, in many cases (see �gure 23). A subdivision method which
only has a heuristic stopping criterion for the recursive search will run into
trouble for similar reasons.

Challenge 19. Visualize the plane curves

SCAk;l; � " :
�
(y � xk ) l + ykl � �(y2 � x2 + ") + ykl +2

for l = 2 ; k = 2 ; 3; 4; : : : and " = 10 � m for m = 1 ; 2; 3; : : : .
Solution: These plane curves of degree 2k + 2 have an A �

2k 2 � 1-singularity
at the origin very close to which there is a one-dimensional real part of the
plane curve (see �gure 24). 2

A problem of a similar kind is the visualization of the following plane
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SAA2;2;0:001 SAA2;2;0:001 SAA 2;2;0:001 SAA2;2;0:001

+10 � 17 +10 � 17 +10 � 16 +10 � 16

zoomed in zoomed in

Fig. 23 . We visualize the plane curve SAA 2;2;0:001 + ~" from challenge 20 for sev-
eral values of ~" in order to visualize the di�culties which the curves SAA 2;2;0:001 pose
to numerical software. The two leftmost pictures show the cu rve for ~" = 10 � 17 at
two di�erent zoom-levels; these pictures are topologicall y almost correct: the number
of connected components is the right one, but the solitary po int at the origin has been
replaced by a small oval which looks like a short line. Howeve r, the two rightmost pic-
tures ( ~" = 10 � 16 ) are wrong, even topologically: locally, the three connect ed components
become a single one.

SCA2;2;0:001 SCA2;2;0:001 SCA4;2;0:001 SCA4;2;0:001

� 10� 15 � 10� 21

Fig. 24 . Some plane curves with a higher solitary point close to a one- dimensional
component of the curve (see challenge 19). Algorithms treat ing small absolute values
as zero produce topologically wrong results for such exampl es.

curves:
Challenge 20. Visualize the plane curves

SAAk;l; � " :
�
(y � xk ) l + ykl � �((x � yk ) l � xkl � " ) + ( xy)kl

for l = 2 ; k = 2 ; 3; 4; : : : and " = 10 � m for m = 1 ; 2; 3; : : : .
Solution: These plane curves of degree 4k have an A �

2k 2 � 1-singularity at
the origin very close to which there is a one-dimensional real part of the
plane curve (see �gure 25). 2
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SAA2;2;0:001 SAA2;2;0:001 SAA 3;2;0:001 SAA3;2;0:001

zoomed in zoomed in

Fig. 25 . The plane curves SAA 2;2;0:001 and SAA 3;2;0:001 , each at two di�erent
zoom-levels (see challenge 20).
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