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Summary . Knorrer and Miller classi ed the real projective cubic surfacesin = 3( )
with respect to their topological type. For each of their 45 types containing only
rational double points we give an ane equation, s.t. none of the singularities and
none of the lines are at in nit y. These equations were found using classical methods
together with our new visualization tool surfex . This tool also enablesus to give
one image for each of the topological typesshowing all the singularities and lines.

1 Intro duction

A projective real cubic surface in real projective three-smoe  3( ) isahomoge-
nous polynomial f of degree3 ir;(four variables x; y; z; w with real coe cien ts:
f = aiji 1 X'y Z*W';

ik 512 o ji+j+k+1=3
whereaijx 5 2 . In 1987,Knorrer and Miller [13] classi ed all such surfaces
with respect to their topological type. A similar classi cation had already
beengivenby Sclai in the 19" certury [19], but Knorrer and Miller obtain
more preciseand more complete results. Someof these are basedon ideas of
Bruce and Wall [2] who gave a modern treatment of the complex case.

Here, we restrict ourselves to cubic surfaceswith only rational double
points which is the most interesting part of the classi cation. We summarize
briey Kneorrer/Miller's main results on these surfacesand give an explicit
real ane equation for ead classin their list (seetable 2 on page7). These
allow us to draw imagesfor eadh classshawing all singularities and lines (see
g. 2, 3, 4) using our software surfex [10].

In the already cited article, Schla i alsogave equationsfor ead of histypes
and described their construction in a very geometricway. In many casesit is
easyto nd real ane equationsfrom thesewith the help of our tool surfex .
But in the other casesthere are too many free parametersand we have to use
other methods such asthe deformation techniques described by Klein [11].
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To perform these deformations explicitly, it is useful to have a visualiza-
tion software at hand. We explain how to use our software surfex for such
purposes.surfex can be useddirectly on our webpage[14]. It can also pro-
ducehigh quality raytraced imagesfor publications in color or in black/white.
All the imagesin the presert paper are produced using surfex in connection
with Singular [9]. This computer algebra program was usedto compute a
primary decomposition of the ideal (f ; Fg) describing the 27 lines of f with
multiplicities which allowed usto draw the lines on the surfacesusing surfex .
Here, F9 denotesClebsd's covariant of degree9 (see,e.g.,[16, appendix 4.1]
for a determinental formula for this covariant).

The webpagewww.CubicSurface.n et [15] contains somemovies and more
images. surfex [10] usesS. Endra's surf [7] to produce the high quality
raytraced imagesof the surfacesand R. Morris's LSMP [17]and K. Polthier's
JavaView [18] to allow rotation and scaling of a triangulated preview.

Seweral mathematicians have already givenreal a ne equationsfor partic-
ularly interesting cubic surfacessudch asthe Clebst Diagonal Surfaceor the
four-nodal cubic surface. Recerly, the architect J. Chertok collected equa-
tions for Roderberg's 100-year-old seriesof plaster-models. These equations
were communicated to him by dierent people, mainly S. Endra and the
secondauthor. With these the architect recreated Roderberg's seriesusing
3d-printers. But also Roderberg's seriesis restricted to sometypes of cubic
surfaces,and seweral of Roderberg's models do not show all the projective
real lines becausesomeare at in nit y. In fact, this wasRodenberg's intention.
His aim wasto give an overview of the possiblesingularities on cubic surfaces
and the possiblea ne views of the projective surfaces.Here instead, we do
not show dierent ane views of the same surfaces.We choosereal a ne
equationsthat allow us to show all singularities and lines in a single image.

The secondauthor thanks the organizers of the AGGM 2004 workshop
at Nice for their hospitality. He also thanks S. Endra and D. van Straten,
without whom our tool surfex would never have existed, for many valuable
discussionsand motivation. Furthermore, we thank R. Morris, who is a co-
author of our tool surfex and with whom the secondauthor had seweral
discussionsconcerning the visualization of algebraic surfaces.The rst au-
thor was supported by the E-Learning Ferderprogramm 2004 of the Johannes
Gutenberg Universitat Mainz.

2 The Main Results of Kneorrer/Miller on Cubic
Surfaces with only Rational Double Points

We briey review someresults of Knorrer and Miller. As already mertioned
we restrict ourselvesto those concerningonly rational double points. In [13],
the authors say that two cubic surfaceshave the sametopological type if they
can be transformed cortin uously into ead other without changing the shape.
The precisede nition usesthe ner notion of equisingularity:
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Denition 1 (4.1 in [13]).

1. A dier entiable family (Yi);2o;1) of cubic surfacesin 3( ) with equations
fi is called equisingular if in the neightorhood of each point it can be
extendel to a family of di e omorphisms of the surrounding space. l.e.,
if for each to 2 [0;1] and each p 2 Y;, there exists a neighlwrhood |
of to in [0;1], a neightorhood U of p in  3( ) and a di e omorphism

U 11 U 1, s.t. the following diagram commutes:

u | ! u I
[ [
fx;t)2U | jf,(xX)=0g ! f(x;t)2U | jfi(x)=0g
pro & . pr2
I

Two surfaces that can be transformel into each other by an equisingular
family are called equisingular isotopic.

2. Two cubic surfacesYo;Y; 2 3( ) havethe sametopological type if there
are projectively equivalent surfaces Y Y which are equisingular isotopic.

There exist at most two di erent equisingularisotopy classesof cubic sur-
facesof the sametopological type. Equisingular families are characterized by
their con guration of singularities:

Prop osition 1 (4.2 in [13]).

1. If two cubic surfacesin  3( ) with only isolated singularities have the
sametopolagical type then suitable neighlorhoods of their singular setsare
analytically isomorphic.

2. Any di er entiablefamily of cubicsin  3( ) with only isolated singularities
for which the con gur ation of singularities is constant is equisingular.

Table 1 on the next page givesan overview of the rational double points
occuring on cubic surfaces(seealso[5] or [1]). The classicalgeometersassai-
ated to eadh surfacef a class which is the number of tangency points f has
with a genericpencil of hyperplanes(for computing the classsee[2, sect. 3]).
The subscript of the old namesfor the singularities is the number by which
the classdrops when a cubic surfacepossessesud a singularity (seetable 1).

For the following de nition we assumefamiliarit y with someconceptsfrom
algebraicgeometry, in particular with the blowup. A readerwho is not familiar
with this should simply read the numbers from table 1 on the following page.

Here, we just want to mertion that it is well-known that the blowup A2( )
of the projective plane 2( ) in asetof six points  (basemints) which arein
generalposition (i.e. no three on a line, no six on a conic) is a smooth complex
cubic surfaceand that all smooth complex cubic surfacescan be obtained in
this way. This blowup is a birational map which is a bijection away from the
basepints, i.e. for all points in  2( )n . In the real case,we haveto be more
careful: the cubic Fs with two componerts is not the result of such a blowup:
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De nition 2 (p. 54/55 in [13]).

1. denotesthe number of ( 2)-curvesde ned over in the dual resolu-
tion graph of a rational doublepoint that is de ned over . denotesthe
number of pairs of non-intersecting complexconjugate ( 2)-curvesin this
graph.

Name Old Name Normal Form Coxeter Diagram

A, Boks X2k oy g2 22 2k 0 k=12
A Baw x*H 4 y? 4+ 72 o~ 0 k 1 k=1
A, . Bx x4+ y? 72 , 2k 1 0 k=23
AZk 1 sz X2k y2 22 oo 1 k 1 k=2
A, C x2+y? z? . 1 0

A, C x2+ y?+ 72 . 1 0

D, Us x?y y* 7 — 4 0

D; Us X2y + y3 + 72 — 2 1

Dy Uy X2y + y* 722 oo o 5 0

E¢ Us 3+ yt 22 6 0

Table 1. The types of singularities occuring on real cubic surfaces, their normal
forms, and the numbers  and . For later use,we also give their Coxeter Diagrams.

2. Let beaseauene of six points de ned over in almost generalposition
in  2( ) in the senseof [4, p. 39]. Then there existsr( ) 2 o, s.t.
consists of 2r points that are invariant under complex conjugation and
6 2r pairwise compl. conj. points. We call r( ) the reality index of

3. Let X be a cubicsurfacein ( ) de ned over with only rational double
points. The reality index r(X) of X is de ned as follows: Let X denote
the desingularization of X and X ( ) the blowupof ?( ) along . Then,
r(X) = r( ), if 2 = X( ) for a sequen@  of six points in almost
geneal position in  2( ). Otherwise, r(X) = 1.

Theorem 1 (Satz 2.8 in [13]). Let X 3( ) be a cubic surface de ned
over with only rational doublepoints as singularities. Suppsethat the real
part X 3( ) of X hask singular points. Denoteby (X ) the sum of the

for thesesingular points and by (X)) the sum of the of all singularities
on X . Then the real part X contains exactly (X ) lines, where

2+ 2r(X) (XN + 2r(X) (X))

(X )= > r(X) 2)+k (X):
For a cubic surface X 3( ) we can read the topology of its real part
X 3( ) from the reality index. E.g., the v e smooth cubic surfaces,

index, e.g.,r(Fs) = 1. Hereis another result of Knorrer/Miller of this kind:
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Lemma 1 (3.2, 3.3, 4.3 in [13]).

1. If X doesnot contain any singularity of type A andr(X) 0then X
isconnectedand (X )=1 2r(X)+ (X). If r(X)= 1thenX is
di e omorphic to the disjoint union 2( )t S2.

2.1f p2 X is a singular point of type A then X does not contain any
other singularity and X is die omorphicto 2( )t fpg.

3. Cubic surfaces of the sametopological type are homeomorphic.

4. Two cubic surfaces of the sametopological type with only rational singu-
larities havethe samereality index.

The following is Knorrer/Miller's main result on cubic surfaceswith only
rational double points:

Theorem 2 (Classication, Liste 4 in [13]). Let X 3( ) be a cubic
surface de ned over  with only rational doublepoints andlet X = X\ 3( )
ke its real part. Then the topological type of X is one of the 45 typesgivenin
table 2 on page7. If X hasexactly 3A; singularities and X contains exactly
12 lines (no. 18=19 in the table) then its topological type can be determined
by prop. 2 below. Otherwise, the topological type of X is determined by its
singularities, its number of lines, and the reality index r(X).

To explain how to distinguish between the types 18 and 19, we need
Kneorrer/Miller's notion of a con gur ation type of an A; singularity. We only
give a sloppy de nition and illustrate it using surfex , see[13, p. 63] for
details. For this local study we have to work in a ne space:

Recall that the tangent cone tc(f ) of a singularity f at the origin is the
lowestnon-zerohomogenousart of f . For an A; singularity, it is a coneof the
form x?+y? z2. The tangert coneintersectsthe cubic surfaceX in a curve of
degree2 3 = 6, which consistsin fact of six lines, counted with multiplicities.
Knorrer/Miller describe such a con guration by a small circle together with
six points (counted with multiplicities), becausea small real spherearound
the singularity intersectsX in two small real ,,circles” (g. 1 on the following
page). On ead of these circles there lies one point of eadh of the real lines.
Therefore, Knorrer/Miller denote a pair of complex conjugated lines by a
point in the certer of the circle, the real points are drawn on the circle in
the correct order. Di erent such con gurations correspond to cubic surfaces
of di erent topological types.

Example 1. Example (a) is a con guration with one real point of multiplicit y
2, two real onesof multiplicit y 1, and two complex conjugated ones.The other
two examplesshow two doubled and two simple points (see g. 1):

(a) @ , (b) @ (KM 15 in g. 1), () @ (KM 19 in g. 1). 2

Prop osition 2 (T opological Types 18=19, p. 63 in [13]). If a cubic sur-
face X has exactly 3A; singularities and contains 12 lines then X has the
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Fig. 1. The con guration of the lines cut out by the tangent coneat one of the three
A, singularities of our surfaceswith topological typesno. 18 and 19. For eac of
the surfaces,we show two views (a), (b) from dierent angles. The white lines have
multiplicit y two, the black ones have multiplicit y one. The gure above illustrates
how surfex candraw curveson surfacesusing the corresponding feature of surf . To
draw the two doubled white lines, we computed the equations f4, f5 cutting these
out on the surface using Singular . Then we chose the numbers of the equations
from the drop down menu in the row called C2and selectedthe color white.

topological type 18 if the singular points havea con gur ation of type @ (ex-
ample 1 (b)). Otherwise, the A, singularities of X have a con gur ation of
type @ (example 1 (c)) and X hasthe topological type 19.

3 Constructing Nice Real Ane Equations

3.1 Nice Egquations

By a nice real ane equation f for a given topological type t we mean an
equation, s.t. its projective closuref hasthe required topologicaltype and s.t.
the plane at in nit y neither contains a singularity nor a line of f. It has also
to be possibleto seeall its singularities and lines in a single picture (modulo
guessingusing symmetries). This is not a precisede nition. Nevertheless,we
formulate our main result in the form of a theorem:



lllustrating the Classi cation of Real Cubic Surfaces 7

Name Sp: Cl: Sing: r | Equation

KM 1 | 12 ; 327 KMo+ 302 +y? 2%

KM I 12 ; 2 15 KMo + 8((z+ 1) 2%)

KM 3 I 12 ; 1 7 KM+ 2((z+ 1%+ (x  1)%) 4y?

KM 4 I 12 ; 0 3 KM, 4

KM s I 12 ; 1 3 KMz Z((z+ 1)+ 2%

KM ¢ I 10 A, 3 21 KMg7 + 2(x? + y?)

KM 7 110 A, 2 11 KMy + 2%+ y?

KM g I 10 A, 1 5 KMg 4y?

KM o 110 A, 0 3 KMs 3(x2+y?)

KM 10 I 10 A, 0 3 pc+ (z+1)z?

KMu IV 8 2A; 3 16 KMy7 + y?

KMy IV 8 2A; 2 8 KMy + 22 L(x+1)?

KMiz IV 8 2A; 1 4 KMy y?

KM Il 9 A, 3 15 KMa + &(y 1)

KM 1l 9 A, 2 7p+2® ZAx 1) i(x y)?

KM 119 A, 1 3 KM y?

KMz Il 9 A} 0 3 pc+2Z®

KM VIII 6 3A; 3 12 KMy + Z°(x + 3)

KMig VIII 6 3A, 3 12 KM g3 + 272

KMz VIII 6 3A, 2 6 KMy 277

KMz2i VI 7 A,A; 311 pl+ 22+ 2%(x+y 2)+ &(x 1)
KMz VI 7 A,A; 2 5 pl+Z22+2%(x+y)+ (x 1)

KM 23 V 8 A, 3 10 wxy + (x+ 2)(y*  (23x)* ($2)’),w=1 x
KM 24 V. 8 A, 2 4 KMz 357%(x 2)

KM 25 V 8 A, 1 2 KMap+ 352°(x  2)

KM 26 vV 8 A} 1 4 2x%+ y))w+ 2x(z22 2x* 4, w=1 vy
KMz XVI 4 4A, 3 9 4pc+ )+ 3(x2+y*)(z 6) z(3+ 4z+ 72%)
KMz XIII 5 A,2A, 3 8 KMus+ Z%(x + 2)

KM 29 IX 6 2A2 3 7 KMygz+ (X 1)2

KMz IX 6 2A, 2 3 KMg S(x 1)

KM 31 X 6 A;A; 3 7 wxz (x+2z)(x2 y),w=1 z

KM 32 X 6 A;A; 2 3wxy (X+2)(x*+y?),w=1 z

KMas VIl 7 A, 3 6 wxy+yz+yx? zZ’,w=1 x y z
KMas VII 7 A, 2 2wxy yiz+yx? zZ2,w=1 x y z
KMs XII 6 D, 3 6 (x+y+2z)’w+xyz,w=11 x y 2)
KMz XII 6 Dj 1 2 (x+y+2)’w+ (xX*+y)z,w=3(1 x y 2)
KMa; XVII 4 2A,A;, 3 5 KM+ (x 1)z2°

KMazg XVIII 4 A;2A;, 3 5 wxz + y3(x+ z), w= 2(1+ X y+ 2)
KMs XIV 5 A,A; 3 4 wxz yz+ xXy,w=3(1 y 2)
KMs XI 6 Ag 3 3wxz+yiz+x® ZZ,w=1 «x

KM a1 Xl 6 Ag 2 1 wxz+yz+x3+2%5,w=1

KMs XV 5 Dg 3 3 wx?+y%z+ xz?, w= 1+ x

KM XXI 3 3A, 3 3t+2

KMa XIX 4 AgA, 3 2wxz y’z x*,w=1 z

KMas XX 4 Eq 3 1 x2w xz?+yiw=1 x vy

Table 2. Our nice real ane equations for Knorrer/Miller's 45 topological types.
The abreviation Sp: denotes Schlai's species of the surface, Cl: its class, Sing: its
singularities. r denotesthe reality index and | the number of real lines on the surface.
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1{3:
{
(r:3;27)
{
(r:2;15l:)
{
(r:1;713)

4{6:

{
(r:0;3%)

Fig. 2. The surfaceskKM 1;:::;KM 5. The colors of the lines indicate their multi-
plicities: 1, 2, 3, 4, 5, 6, 8, 9, 10, 12, 15,
16, 27.



16{18:
A2
(r:1;3I)
A3
(r:0;3l3)
3A,
(r:3;12:)

19{21:
3A,
(r:3;12:)
3A,
(r:2;6l:)
Ay A
(r:3;11l:)

22{24:
A, A
(r:2;6l)
A3
(r:3;100)
A3
(r:2;4l)

25{27:
A3
(r:1;2I)
As
(r:1;4l)
4A
(r:3;9I)

28{30:
A, 2A,
(r:3;8l)
2A2
(r:2;71%)
2A2
(r:2;3l%)
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31{33:
Az Ay
(r:3;71%)
Az Ay
(r:2;3)
A4
(r:3;6l:)

34{36:

37{39:

2A, A,
(r:3;5l13)
Aj 27,
(r:3;5l1%)
Ay A

(r:3;4l)

43{45:
3A,
(r:3;3%)
As A,
(r:3;2%)
EG
(r:2;1l%)
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only rational double points there is a nice ane eguation KM in the sense
of the preceding paragraph. The equations KM ; are givenin table 2 on page7
and the correspnding pictures are shownin the gures?2, 3, 4.

Remark 1. For a nice equation for a given topological we do not require the
greatest possible symmetry becausewe want the equationsto be genericin
the sensethat the con guration of the lines on the surface should not be too
special. E.g., the Clebsth Cubic Surface has 10 so-called Eckardt Points in
which three of its 27 real lines meet, but a genericcubic surfacewith 27 lines
doesnot have any such point.

Remark 2. Schla i orders the cubic surfaces rst by their classand then by
the worst singularity occuring. This di ers from Knorrer/Miller's order which
is rst by the sum of the Milnor numbers of the singularities and then by the
worst singularity occuring.

In the following subsectionswe describe how to construct suc surfaces.

3.2 Via Pro jectiv e Equations

For the projective case,Scla i already gave equationsin [19]. He describes
in a very geometricway how to construct them. In [3], Cayley givesthe same
equations again and computesa lot of additional data connectedto the sur-
faces?

To obtain a nice real a ne equation from one of Schla i's equationsis an
easytask for most topological typeswith higher singularities (A3 or higher):
We just have to choosea good hyperplane at in nit y and maybe somecon-
stants which is not di cult using our tool surfex :

Example 2. Let us take the equation wxz + y?z + x® = 0 given by Sclai
[19, p. 357]for a projective cubic surfacewith an A; and As singularity. The
choicew = 1 1z givesour ane equation KM 44.

For those surfaceswith only A; and A, singularities, this method does
not work well becauseof the great number of free parameters. In this case,
we can either write down the equation directly (section 3.3), or we can usea
deformation process(section 3.4) already described by F. Klein in [11].

3.3 Direct Construction

In somecasesiit is easyto write down a nice real a ne equation for a topo-
logical type directly using symmetry. For this purpose,we will usethe three
plane curvesshown in gure 5.

3Attention, Cayley's list on p. 321 contains sometypos.
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th:=x3+3x?> 3xy?+ 3y’ 4 pc:=tl + 4 pl==(x 1)y 1(x+Yy)

Fig. 5. Three plane curves,useful for constructing nice equations for cubic surfaces.

Example 3 (Constructing KM 43 with three A, Singularities). We take the
polynomial tI de ning three triangle-symmetric lines (g. 5) in the x; y-plane
and add the term z3: KM 43 = tl + z3. At ead intersection point of the lines
tl, this givesa singularity of type A, with z-coordinate 0, see g. 8(a).

The four-nodal surface KM 7 can be constructed in a similar way. This
and a lot more information on nodal surfaceswith dihedral symmetry can
be found in S. Endra's Ph.D. thesis [6]. The following example usesa plane
curve with a solitary point. In the sameway we obtain the surfaceKM ;¢ with
an A3 singularity.

Example 4 (Constructing KM 19 with an A, Singularity). To construct a sur-
facewith an A; Singularity which hasthe normal form x2 + y? + z? we start
with the triangle-symmetric plane cubic pc (g. 5). The origin is a solitary
point (i.e., asingularity with normal form x?+ y?). Thusthe surfacepc+ z? has
an A, singularity with normal form x2 + y?+ z2 and is triangle-symmetric. To
obtain the desireda ne topology we require a third root onthe fx = y = Og
axesatz= 1:KMgo = pc+ (z+ 1) z2

3.4 The Deformation Pro cess

Klein's strategy for obtaining surfaceswith fewer singularities from surfaces
with many singularities is basedon the fact that any singularity on a cubic
surfacecan be deformed separately

In the caseof complex projective cubic surfaces,this fact can be formu-
lated in the following way (seeKnorrer/Barth's article in [8] for an overview
on this and other visible properties of cubic surfaces):The con gurations of
rational double points occuring on cubic surfacesare exactly those for which
the disjoint union of their Coxeter Diagrams is a subgraph of the Coxeter
Diagram of s, see g. 6. A surfacecan be specializedinto another oneif and
only if its graph is contained in the other's graph.

By the de nition of a singularity, the origin can only be a singularity of an
ane surfacef if the tangent coneof f hasdegreeat least 2. Thus, in order
to smooth an isolated singularity at the origin, we can simply add a term of
degreel or 0.
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B : { 3A2:.—. I o A2;2A1:. I .

Fig. 6. There exists a cubic surface with three singularities of type A», becausethe
disjoint union of three graphs of the A, singularity is a subgraph of the graph Es.
A cubic surface with an A singularity and two A, singularities can be specialized
into one with three A singularities as can be seenfrom the graphs. Seetable 1 on
page 4 for the Coxeter Diagrams of the singularities of the rational double points
on cubic surfaces.

But which terms can we add to the equation of f without changing the
type of a singularity at the origin? For A1 singularities, this is very easy:These
singularities are characterized by the fact that their tangernt conealsode nes
an A; singularity.* So, we can add any term of degreegreater than two and
any term of degreetwo whosecoe cien t is small enough.E.g. x2+ y2 2%+
+2z2+ =Xy + x3 hasa singularity of type A; at the origin.

Using the precedingfacts we can deform a cubic surfacewith four singu-
larities of type A; into onewith only three sud singularities:

Example 5 (Smoothing one of four A; Singularities). Let KM »7 be the cubic
surfacewith four A, -singularities (seetable 2 on page 7). Three of its singu-
larities lie in the plane fz = 0g. Using surfex , it is easyto nd an", s.t. the
surfaceKM ,7 + "z? hasthe desiredtopology (see g. 7):

Goto the surfex web-page[10], start the surfex program, and enter the
equation of KM »7. Then add a term +0.1*z"2 and ched the permanently
chedbox { this will premanertly recompute raytraced imagesof your surface.
Drag the computer mouseover the greenball to rotate the surfaceuntil you
seeall singularities. You can scalethe image by pressings on your keyboard
while dragging. Now your surfex screenshould look similar to g. 7 on the
following page.The singularity in the middle hasbeensmoothed in such a way
that the neighborhood of the singularity looks like a hyperboloid of one sheet.
Adding -0.1*z2"2 leadsto a neighborhood which looks like a hyperboloid of
two sheets. 2

It isalittle more subtle to keepsingularities of type A; or Af:j > 1; while
deforming others. Forgetting about the sign for a momen, thesesingularities
have the equation xJ*1 + y2 + z2 in a suitable coordinate system.A;;j > 1;
singularities are characterized by the property that their tangent coneis of
degreetwo and consistsof the union of two di erent planes?®

4This is also the reason why the geometersof the 19" certury called the A;
singularities conical singularities or singularities of type C,. Other namesare proper
node, ordinary double point.

SThis is the reasonwhy the classical geometerscalled a singularity of type A; a
biplanar node Bj+1 . A singularity whose tangent cone consists of a single multiple
plane was called a uniplanar node.
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Fig. 7. Smoothing one of the four singularities of the cubic surface KM »7.

Let f be a polynomial in three variables x; y;z de ning a singularity of
typeA;;j 2; at the origin. By the nite determinacy theorem (see,e.g.,[5]),
we can add an elemert of the ideal | := m? J; to f without changingthe type
of the singularity. Here, m denotesthe maximal ideal (x; y; z) of the origin and
thus m? = (x?;xy;xz;y?;yz;z%). J; = (%; %; %) is the so-calledjacobian
ideal generatedby the partial derivativesof f .

Example 6. We take the singularity of type A; at the origin, de ned by f :=
x4+y? z? = 0.lts jacobianidealis J; = (x%;y;z). If wechooseg; := xy 2 n?
andg, ==y 2 J; wegetg:= q102 = xy2. Then f + g still de nes a singularity
of type Az at the origin. Furthermore, f + "g is an A5 singularity for " small
enough.

We now cometo the global situation of a cubic surfacef with only isolated
singularities of type A ;] 1. The following example describes how to use
the techniquesabove to deform someof its singularities while keepingothers:

Example 7 (Deforming two of three A, Singularities to A; Singularities). We
start with the surfaceKM 43 which has exactly three singularities of type A,
(g. 8(a)). The surfacetl + z3 + z2 (g. 8(b) has three singularities of type
A, at the samecoordinates, becausethe tangent coneis a cone of the form
x? y?+ z? locally at each of thesepoints. One of thesesingularities has the
coordinates Q = ( 2;0;0). To get a surface with a singularity of type A,
at Q and two singularities of type A; , we needto adjust the construction
slightly.

Our general remarks from the beginning of this subsectiontell us that
we have to look at the jacobian ideal Jkm ,, at Q. Over the rational numbers,
Singular  givesthe following primary decomposition: Jkm ,, = (X;y; )\ (x
1,y 3;z%)\ (x+ 2;y;z%). Locally at Q, the relevant primary componert is
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(x+ 2;y;2%). We chooseE = x+ 22 (x+ 2;y;z%). As z? 2 m?, we then know
that KM 43 + z2 E hasa singularity of type A, at Q.

Locally at the other two singularities (which both have x-coordinate 1), E
takesthe value 1+ 2= 3. Thus, at thesesingularities, KM 43 + z°> E behaves
like KM 43 + z2 3, which has A, singularities at these points as already seen
above.

To ched that our choicesof planesand constarts were reasonableand to
understand the construction a little better, we canagainusesurfex . Wetype
the equation of KM 43 into surfex asfl. Then we add another two equations
using the add egn button and choosef2 to be x + 2 and f3 to be z. If the

(a) (b) (©

Fig. 8. Deforming the surface KM 43 (image (a)) with three singularities of type A,
into KM 28 (image (c)) with one such singularity and two A; singularities.

permanently chedkbox is activated we already seethe three surfacesin one
picture. When adjusting the colorsby clicking at the right of the equations,we
get a result similar to g. 8. We can hide someof the surfacesby deselecting
the chedkbox at the right of the equations. When typing into f1 the changes
described above, we obtain successiely the three lower imagesshown in the
gure. We can produce the black/white imagesusedfor the presen publica-
tion in the following way: We pressthe button shawing the small disk, select
the dithered chedbox, choosean appropriate resolution, and then click on
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save. A small dialog shows up, where we can give some lename. The high-
resolution image is then computed on the websener. From there, it can then

be downloaded using the your files button in the surfex window. 2
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